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Abstract 

In this paper we use a concentration and compactness argument 
to prove the existence of a nontrivial nonradial solution to the non- 
linear Schrodinger-Poisson equations in M'^, assuming on the nonlin- 
earity the general hypotheses introduced by Berestycki & Lions. 



Introduction 

We consider the following Schrodinger-Poisson system 

-Au + q(j)u = g{x,u) inQ, 
-A(f) = qu^ in VL, 



(1) 



where Vt is an unbounded domain in and (7 : x R ^ M. In the 
system has been studied using a variational approach, for 1] = R^ and 
assuming on g = g{u) the Berestycki and Lions hypotheses (see jSll). In 
particular, it has been showed that the solutions can be found as critical 
points of an associated functional defined in if^(R^). A first difficulty in 
applying the classical methods of critical points theory is the lack of com- 
pactness, due to the unboundedness of the domain. In 13 this difficulty 
has been overcome by restricting the functional to the natural constraint 
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H^(M.^), the set of the radially symmetric functions in H^{M^^), for which 
compact embeddings hold. 

However, it could happen that such a restriction is not allowed or not 
suitable to our aim. For example, consider these three situations: 

• f2 is not radially symmetric with respect to a point, 

• g{-,s) is not invariant under the action of the group of rotations (for 
example in presence of a breaking-symmetry potential), 

• we are looking for non-radial solutions of the problem. 

Each of these situations does not allow us to use the set of the radially 
symmetric functions as a nice functional setting, and we have to handle 
the problem of the lack of compactness using a different approach. 

The aim of this paper is to show how the concentration and compact- 
ness principle can be used as an alternative technique to get compactness. 
In particular, in the same spirit of |[TT|, we are interested in looking for 



non-radial solutions to the problem 

-An + q(f)u = g{u) in 



-A(f) = qu in ! 



In [[TT| an existence result has been proved assuming that g (u) = |Mp ^ 



u 



and 4 < p < 6. Here we consider a more general nonlinear term, namely a 
Berestycki & Lions type nonlinearity. So we assume that 

(gl) g eC{R,R),godd} 

(g2) — oo < liminfs_>o+ ^ limsup^^Q+ (7(s)/s = —u < 0; 

(g3) -oo ^ limsup,^+^5((s)/sP ^ 0, 1 < ]? < 5; 

(g4) there exists C > such that G(C) := Jq gis) ds > 0. 

The literature on the Schrodinger-Poisson system in presence of a pure 
power nonlinearity is very reach: we mention (ll 13 and the references 
therein. In BH HOI |23l, also the linear and the asymptotic linear case have 
been studied, whereas in |[T9l l20l |22| the problem has been studied in a 
bounded domain. We refer to BH for more details on the physical origin of 
this system. 

Recently, the Schrodinger equation and the Schrodinger-Poisson sys- 
tem in presence of a general nonlinear term have been intensively stud- 
ied by many authors. Using similar assumptions on the nonlinearity g, 
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im, [m and ||2T| studied, respectively, a nonlinear Schrodinger equation in 



presence of an external potential and a system of weakly coupled non- 
linear Schrodinger equations. The Schrodinger-Poisson system has been 
considered in |2|. We mention also (ZllIBl where the Klein-Gordon, Klein- 
Gordon-Maxwell and Schrodinger Poisson equations have been consid- 
ered in presence of the so called "positive potentials". 

It is well known that the system <{SV^ is equivalent to an equation con- 
taining a nonlocal nonlinear term. A non trivial difficulty in applying con- 
centration and compactness to this equation in presence of a Berestycki 
& Lions type nonlinearity, consists in the fact that, since g does not have 
any homogeneity property, we can not use the usual arguments as in the 
pure power case to avoid dichotomy (see lU). In order to overcome this 
difficulty, we need to study the behaviour of the functional associated to 
the problem with respect to rescaled functions. However, when we rescale 
the variables, the behaviour of the integral term coming from the nonlocal 
nonlinearity is such to prevent us from using a direct approach. So we 
introduce a modified functional, where a cut off function is introduced to 
control the integral containing the coupling term. Finally, we observe that, 
for q small enough, the modified functional corresponds with the original 
one computed on suitable minimizing sequences. Observe that, for our 
analysis, it is fundamental the invariance of the domain with respect to 
rescalements. 

The main result of this paper is the following: 

Theorem 0.1. Assume (gl),...,(g4). Then there exists q > such that the system 
(|>SP|I possesses a solution (m, 0) g H^(R^^) x ©^'^(M^) with the following features 



1. u and (j) are respectively odd and even with respect to the third variable, 

2. u and cj) are cylindrically symmetric with respect to the first two variables, 

3. u is positive on the half space xs > (and, consequently, negative in the 
half space xs < 0), is positive everywhere. 

The paper is organized as follows: 

in section [T] we introduce the functional framework of the problem. In 
particular, we define a space of functions described by symmetry proper- 
ties that no radial nontrivial function possesses. Then we reduce the study 
to a minimization problem. 

In section |2l we study the behaviour of the positive measures associ- 
ated to the functions of a minimizing sequence, and we look for concen- 
tration on a bounded region. 

In section |3] we provide the proof of the main theorem. 
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1 The functional setting 

We denote by H\M.^), V^'^{M:-^), Lp{M.^) the usual Sobolev and Lebesgue 
spaces with the respective norms: 



\u\\ = ( / IVmP + 



|m||©i>2(r3) = / |Vn|^ 

Mp=(f 



We first recall the following well-known facts (see, for instance O). 

Lemma 1.1. For every u G if^(M^), there exists a unique (j)u G ©^'^(M^) solution 
of 

-Acf) = qu'^, in R^. 

Moreover 

i) \\<Pu\\xn.2(^3) = Q 4>uu'^J 

ii) (pu > 0; 

Hi) for any 6 > 0; <f)ug{x) = 6"^ (j)^{x / 6) , where ue{x) = u{x/6); 
iv) there exist C,C' > independent ofue iJ^(R^) such that 

||0«||bi.2(r3) ^ Cgll^ll^ 

and 

' 0V ^ C'q\\u\\\ (2) 



Following |8i, define sq := min{s G [C,+oo[ | g{s) = 0} (sq = +oo if 
g{s) 7^ for any s ^ Q ^rid set ^ : R ^ M the function such that 

{g{s) on[0,so]; 
onM+\[0,so]; (3) 

-9{-s) onM_. 

By the strong maximum principle and by ii) of Lemma ll.li a solution of 
with g in the place of is a solution of So we can suppose that 
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g is defined as in (O, so that (gl), (g2) and (g4) hold, and we have also the 
following limit 

lim MfM = 0. (4) 

Moreover, we set for any s ^ 0, 

9i{s) ■■= {g{s) + ujsy, 
92{s) := gi{s) -g{s), 

and we extend them as odd functions. 
Since 



lim 


9i{s) 


= 0, 




s 


lim 


9i{s) 


= 0, 


s— >oo 


\s\P 





(5) 
and 

5'2(s) ^ tus, Vs ^ 0, (6) 

by some computations, we have that for any e > there exist C^, C'^ > 
such that 

gi{s) ^C,sP + es, Vs ^ (7) 
gi{s) ^C'^s^ + es, VO (8) 
r7i(s) ^CesP + £(72(s), VOO (9) 
g,{s)^C'^s' + eg2{s), VO 0. (10) 

<^iW := / 9i{s)ds, i = 1,2, 

^0 



If we set 



then, by ©, we have 



G2(s) ^ Vs e M (11) 

and by 0, ©, (0) and ((lOl), for any e > there exists > and > 
such that 

Gi(s) ^—\sf + es^, VsgM 
6 

^ -^IsP+^ + es^, VseM (12) 
^ ^ p+ 1' ' 

^1(5) ^ ^|sr + £G2(s), VseM (13) 



6" 



G'i(s) ^ — '—\s\P+^ + eG2{s), VsgM. (14) 



6 



A. Azzollini 



The solutions (n, 0) G H\R^) x •^^'^(MS) (j^p) are the critical points 
of the action functional £g : H^{R^) x V^'^{R^) R, defined as 

£,{u,4>):=l- [ \Vu\'-\l m' + U 4>u'- [ G{u). 

The action functional £q is strongly indefinite in the sense that it is un- 
bounded both from below and from above on infinite dimensional sub- 
spaces. The indefiniteness can be removed using the reduction method, by 
which we are led to study a one variable functional that does not present 
such a strongly indefinite nature. Indeed, it can be proved that {u, 0) e 
H^(R^) X V^'\R^) is a solution of S&V} (critical point of functional £g) if 
and only if n G is a critical point of the functional Jg : if ^(M^) R 

defined as 

and (j) = (pu- 

Now, let 0{2) denote the orthogonal group of the rotation matrices in 
that is 

0(2) = |f a e[0,2n)]. 

\^\ sma cos a J J 

For any g G 0{2) define the following action Tg on H^{R^): 
rgu{x) = -u{gx)eH\R?), ^=(^_°). 

Now we set 

^i/,o(K') = e V\R\R^) \TgU = uyge 0{2)}. 

It is easy to see that if]^;^(M^) is the setting of the functions cylindrically 
symmetric with respect to [xi, X2) and odd with respect to X3. 

Since g is odd (and consequently G is even) and since we have that for 

any u G H^{R^) and g G 0{2) 

-T„(t)u = <P%u (15) 



by the Palais' symmetrical criticality principle we can prove that H^^ 



cyl,o\ 



is a natural constraint for the action functional Jg (see | [TT| for details) 



We point out that, since u G i/^^^^; ^(M^), we have that G the set 

of the functions in P^'^(R^) that are cylindrically symmetric with respect 
to the first two variables, and even with respect to the third. To improve 
the notations, we will often use r in the place of i/xf + x^. 
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We will proceed as follows: we consider the manifold 



M = {ue Hi, 



[ G(n) = l}. 



(16) 



As proved in fSl (see also IHl), is nonempty. Consider indeed a family 
of functions pR{r, x^) = ^0!R{r)Pji{xs), for R > 1, with 



1 



if \t\ < R, 



R+l-\t\ if R^\t\<R+l, 
otherwise, 



and 



'0 if < t ^ 1 

t-1 if 1 < t ^ 2, 

PR{t) = I ^ if 2 <t^R, 

R+l-t if R<t^R- 

^ -f3Ri-t) if t^O. 

We have pr e i/^\^^^(R^), and for large R 

So, if cr is a suitable rescaling parameter, the function 

pR,a ■ {r,X3) ^ pR{ar,ax3) 

belongs to Ai. 

Then, we consider the functional 



Jg{u) 



IVmI 



(puU 



(17) 



restricted on and we look for a mtnimizer u. 

Solving the minimizing problem, we find a Lagrange multiplier A G M 
such that the tern (m, (f)u, A) solves the system 

-Am + q(f)u = ng{u) in M'^, 
-A(f) = qu^ in M^. 

Then we apply the following 

Theorem 1.2. Le^ u E M. a minimizer for Jg|x, anrf /ei A be the Lagrange 
multiplier. Then A is positive, and the couple {u, 0) G H^yi^^iR^) x D^^^ ^(M^) 
defined rescaling as follows 



(18) 
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solves the system 

-An + q'(j)u = g{u) in 



i„,2 Toa (19) 



-A0 = (^u^ in 



with q' = q/X. 



2 Compactness 

In this section we present the main tool to get our result. We first need to 
introduce some notations and definitions. 

Set rriq = infug_A4 Jqiu), and denote by := (u^)„ a sequence such that 

Un E M and Jq{Un) TTlq (20) 

and by 0„ = 

As in EIITSHTSI we introduce the cut-off function x e C°^(R+, M) satis- 
fying 

X(s) = l, for sG [0,1], 

0^x(s)^l, forsG]l,2[, 

X(5) = 0, forsG [2,+oo[, ^ ^ 
llx Woo ^ 2, 

and, for every T > 0, we denote 

kriu) = X 

Moreover, assume the following definitions 

■Jli^^) = l I \Vu\'' + Ut{u) [ ct>uu^ 

Jvl Jo. ^ Jn 

where C M^. Set also = infueM Jj{u)i ^rid denote by {u^''')n a min- 
imizing sequence of Jj|;v4- It is trivial to see that ^ ^ for any 
T > and any q ^ q. 

Lemma 2.1. for any T,q > the measures fi^''^ are positive and bounded, i.e. 
(/i^'^(M^))„ is bounded. Moreover fi^''^ is bounded T— uniformly. 

Proof The positiveness is a trivial consequence of the definition of the 
measures. 
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As to boundedness, by the very definition of n„ we have only to check if 
(/jjs G2{un))n is bounded. But by (|T3)) we have 

1+/ G2{u^)= f G'iK)</ eG2{un) + C f \u^\^ (22) 

JR3 JR3 7r3 

and then ^ 

l + {l-e)j^^ G2M < G' (^j^ I Vn„,|2^ (23) 

for < e < 1 and C, C" suitable positive constants. 

The T— uniform boundedness is a consequence of the fact that for any n ^ 

1 and for any T > kriun) < 1. □ 

Let c = be the limit (up to a subsequence) of /i^'^(M^). Of course c > 
because, otherwise, we would contradict (|23|t . 

Lemma 2.2. for any g f/zere exzsis T such that 

limsup < T, limsup ^ T (24) 

n n 

for all q ^ q and T ^T. 

As a consequence, every a minimizing sequence for Jq\Mi is a minimizing se- 
quence also for JJ\m- 

Proof Fix g > and q < q and consider a minimizing sequence n„ = 
as in (|20)). Consider also T > whose precise estimate will be given later, 
T ^ T and {u'^''^)n a minimizing sequence of Jg\M - Certainly we have that 

/ \Vun\^ ^2mg + 0n{l) ^2mg + 0n{l). (25) 

JR3 

By dll]) and (|23]) we have also 




^ C'(2m, + o„(l))3 = SG'ml + o„(l) ^ 8C"m| + o„(l). (26) 

Since ^ nig, the same estimates can be proved also for {u^''^)n- By (|25l) 
and (|26l) we conclude the first part of the proof taking T > max(2mq, 8C"m|) 
To prove the final part of the theorem, it is sufficient to show that = 
niq. But for a sufficiently large z/ ^ 1 and any n ^ z/, by (|24|) we have that 

kxiu^''') = 1 and Jj{uf^''') = Jq{u^''^) ^ m^. We deduce that ^ and 
then = m^. 
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□ 



By the concentration and compactness principle (see lfT6l ), one of the 
following holds: 

vanishing : for all i? > 

lim sup / d^^'"^ = 0; 

dichotomy: for a subsequence of {fJ^n''^)n, there exist a constant c G (0, c), 
R > 0, two sequences {^n)n and {Rn)n, with R ^ Rn for any n and 
Rn +00, such that 

/ dfxl'''-*c, I d^il^'^^c-c, (27) 

compactness : there exists a sequence (.^r!.)™ in with the following prop- 
erty: for any 6 > 0, there exists r = r{6) > such that 

dfin ^ C — S. 

Theorem 2.3. Vanishing does not occur 
Proof 

Suppose by contradiction, that for all i? > 

lim sup / dfi^'"^ = 0. 

In particular, we deduce that there exists ^ > such that 

lim sup / = 0. 

By this and Lemma IZ2l we have that m„ — > in L^(]R^), for 2 < s < 6 (see 
I fTTl Lemma LI]). As a consequence, since C M and by ((14)) , we get 

f or < e < 1 and C: > 



e 



G2iUn)= / Gi(n„)< / eG2{Un)+C'J \Un 



ip+l 
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and then 

l + {l-e) I G2{un)<C', I |M„r+i^O. 



□ 

From now on, if the notation of a ball does not present explicitly expressed 
the center, than we assume it is the origin. 

Theorem 2.4. For any g > 0, there exist T > such that for any T ^ T 
and a suitable < q{T) ^ g, either /in'''^^^ concentrates in a hall Bp> (namely 
compactness holds for E,n = (0,0,0),n ^ 1) or it exhibits the following dichotomic 
behaviour: there exist R > and a divergent sequence ^„ = (0, 0, X3 )„ in such 
that 



c 
2 
c 
2' 



Proof Take g > 0, and let T > be as in Lemma IZ2i 
Set T ^ T. Suppose that dichotomy holds and let c G (0, c), R > 0, {^n)n, 
{Rn)n be as in the dichotomy hypothesis. We prove that (^„)n is bounded 
with respect to the first two variables. Otherwise, we should have ^„ ^ 
(r„, X3 ) with r„ — > +CX) and 

f diZ''^ = C + On{l). (28) 

We deduce that there exists a positive constant C > such that 

/ |Vn„|2+ [ GsK) 

(otherwise, by ^ and (|TT|) , we would get a contradiction with (|28ll ). But, 
for r„ that goes to infinity, the set B^^+ji{0) \ B^^_ji{0) contains an in- 
creasing number of disjoint balls of the type Buir'.x^), with r„ = r' : = 
\/ + (2:2)^ and, by the symmetry properties on n„, for any n ^ 1, 



lBni{r',xl)) JBR{{r',xl)) J BnHr.) J BR{i„) 

As a consequence, we would have that 

|Vn„p + / G'2(n„) —> +00 
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that, taking (|23|) into account, brings a contradiction to Lemma IZ2l 

By the boundedness of (^n)n with respect to r„, it is not restrictive to 
suppose that such a sequence belongs to the X3— axis. Indeed, for any n ^ 
1, the ball -B_R(Cn) is contained in Bji/{{0, 0, Xg)), where R' = R + sup„ |r„|. 
Now we consider the following possibilities: 

• (a;^)n is bounded 

• {xDn is unbounded. 

If is bounded, all the balls of the type -B^l'Cn) are contained in 
where R" = R' + sup„ Replacing i?' by R" , we have that 



Bfl//(0) 



rf/i^'^ = c + o„(l). (29) 



Consider a sequence of radially symmetric cut-off functions p„ G C^(]R^) 
such that p„ = 1 in Br{Q), p„ = in \ Br^{Q), ^ p„ ^ 1 and |Vp„| ^ 
2/{Rn - R). 
We set 

Vn ■■= PnUn, W„ := (1 - Pn)Un. 

Certainly f „ and w„ are in Hlyi^^iM?) and 

IknK ll^nll +0„,(1) (30) 
IknIK IknII +0„(1). (31) 

If we denote := Br^ \ Br, by dichotomy hypothesis we deduce that 

Vn^P^O, I G'2(n„)^0, I 0.^^ ^ 0, (32) 
and, in particular, 

\\un\\H\nn) 0- (33) 
Since for suitable e, C^, and C" > 

/" G2(n„) + C"||n„||^+;^^), (34) 

we have also that 

^ ^(uO^O. (35) 
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Since by simple computations, using (|32|) , we have 

f |Vt;n|'^Oand f \Vwn\^ ^ 0, 

we easily infer that 

|Vn„|2=/" \VVn\^+ [ \VWn\^ + Onil). (36) 



Moreover we can prove also that 

Gi{Vn)^0 I G2{Vn)^0 (37) 



f Gi{wn)^0 I G2(w„)^0 (38) 



Indeed, by (|T2l) , the growth conditions on g and (|33|) , 



J •/ Sin 



and we proceed analogously for Wn- By (|32|), (|35|) , (|37|l and (|38)l , we deduce 
that 

/" G,{un)= [ G,{vrr)+ f + o„( 1) , ^ = 1, 2. (39) 

Jrs 7r3 7r3 

Finally, as in ||3l, we have 

<PnUl^ f C^vyn+ [ C^^„wl + On{l). (40) 



By (I36l), dsn and gO]), taking into account that by ^ and Lemma |Z2] 



we have 1 = kxiun) = kxivn) = kriwu), we deduce that 

"^a = + o„(l) ^ Jj(t;„) + Jj{wn) + o„(l) 
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and, as a consequence, 

J'^\wn) - (41) 



with + ^ m^. 

For the moment, we assume that ^ and 7^ 0. 
We have to consider the following possibilities 

i) there exists < A < 1 such that, up to subsequences, 



GK) 1 - A. 

Consider the rescaled functions so defined: ?)„(■) = w„(v^-) and 
yjn{-) = ujn{\^l — A ■) SO that we respectively have 

Jj{vn) + On{l) 

Jg{Wn) + On{l). 

The following chain of inequalities holds 

o„(i) + < = jfK) 

^ f \T7~ |2 



2 



^ AmT+ / WvJ^ 



g(^-A) /M!') / + (42) 



Now observe that, since J^^ G{vn) — > 1, computing as in (|22|) and 



0„(l) + l + (l-£) / G2{Vn)^c([ \\/Vn\A 

Jr3 \Jm.3 J 



(43) 
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for < e < 1, we deduce that || Vf„||2 is bounded below by a positive 
constant. Moreover, by ([2]), 



X 



2^2 



(44) 



so by (|42]), (|43l) and (|44]), for suitable a,b> 0, we have 



m 



f ^ AmJ + a(v^ - A) + bq^i^ - \)T' 



(45) 



But 



a(v^ - A) + _ A)T^ = ^(1 - ^)(a - bq^XT^) 

^ v^(l- v^)(a-6g2T^), 

so, if we take g < \f^i, from (|45l) we obtain > Am^. 

Repeating the same computations with Wn in the place of ?)„, we can 

prove that > (1 — A)mJ. Summing up, we get 



and then a contradiction. 

zz) i/iere exzsis A > 1 stzc/i ^/zfli, i/p to subsequences, 

G{v^) ^ A 
or 

G{wn) A. 



Suppose that the first holds, and set A„ = /j^g G'(fn) andf„ = Vn{\pyn-) ^ 
A^. We would have the following chain of inequalities 



2^ 



4^W 



(46) 



where we have used the fact that II f„ IP ^ ll^'nP ^ ||?^n|P + o„(l) < 
to deduce that kxivn) = kxivn) = 1. 
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Now we remove the assumption that 7^ and 7^ 0. If, for 
instance, = 0, from (|27| and (|4T|) we would deduce that 

|VWn|^ ^ 

i 

G'2(w^n) ^ « + 0„(1) 



|2 



with a > 0. 

Hence, by (|T4|), for any e > we have 

/ Gi{Wn)<e G2{Wn)+Ce \Vw. 
JR3 7k3 Jr3 

= + CeOnil) + o„(l), 
and then J^^ Gi{wn) 0. So 

G{Un)= [ G{Vn)+ [ G{Wn)+On{l) 



= f G{Vn)- [ G2{Wn)+0n{l) 
^ / G{Vn) - a + On{l) 



which implies that, up to subsequences, J^-, G{un) ^ A > 1. 
As in dm). 



^ liminf ( [ \Vvn\^ + —^krivn) [ (pv,,vl 



and then a contradiction. The case = is analogous. 

We have showed that, in any case, if (xg )„ is bounded, dichotomy leads 
to a contradiction. 

It remain to study what would happen if (xg )„ was unbounded. Suppose 
that the dichotomic behaviour of the statement does not hold. Then, by 
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the evenness of the functional and the oddness with respect to the third 
variable of the functions in if^yj^(]R^), 



where we have assumed the following notation: S„ = B^^ (^„) Ui?ij^ ("^n)- 
Observe that we can redefine the sequence i?„ in such a way we have 

Now, consider a sequence of radially symmetric cut-off functions p„ G 

C^{{x G I X3 > 0}) such that p„ = 1 in BR{^n), p„ = in {x G | > 
0} \ Br^{0), ^ p„ ^ 1 and |Vp„| ^ 2/(i?„ - R), and define a„ G C\R^) 
by evenness with respect to the third variable. 

Set Vn = (JnUn and Wn = {1 — an)un. Of course Vn and Wn are in ^(M^) 
and we can repeat exactly the same arguments as in the X3 bounded case to 
get a contradiction. 

The proposition is so completely proved. □ 



3 Proof of the main Theorem 

From now on, all the sequences considered have their lim sup in the norm 
of if^(M^) less than T, being T the same as in Lemma IZ2l Therefore there 
is no difference between Jg and evaluated on them. 

Theorem 3.1. Let q be as in Theorem IZ4l then the infimum zs achieved. 

Proof Suppose that the dichotomy situation described in Theorem 12.41 
holds. Since Xg +00, we can suppose that for any n ^ 1 we have Xg > 
3R. Then, consider a sequence of radially symmetric cut-off functions 

Pn G C^{{x G I X3 > 0}) such that p„ = 1 in 5h,(^„), p„ = in {x G | 
X3 > 0} \ B2R{in), ^ p„ ^ 1 and | Vp„| ^ 2/R, and define (t„ G C^{R^) by 
evenness with respect to the third variable. 

Set Vn = (JnUn G Hlyi ,^{E?) and for any x = (xi, X2, X3) G define 





i;„(xi,X2,X3 + - 3i?) ifx3>0 
t;„(xi,X2,X3 - + 3/2) ifx3<0. 



(47) 
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We would have that, for R' = 4R, 

I [ \Vvn\' + / G2{vn) + 1 [ hJl - c (48) 
and it is easy to verify also that a sequence so defined is such that 

G{vn) 1 and Jq{vn) nig. 

So, in any case, by Theorem 12.41 we are able to obtain a minimizing se- 
quence that we label {un)n for the functional restricted to M, which con- 
centrates on a ball centered at the origin and with a sufficiently large ra- 
dius. 

By boundedness of the sequence, we can extract a subsequence weakly 
convergent in iJ^— norm to a function u. 

As a consequence of the weak convergence, the Fatou lemma and the weak 
lower semicontinuity of || V ■ II2,/ we have 

Jq{u) ^ liminf Jq{Un) = TTlq. (49) 
n 

Since we also have 

Un ^ u pointwise (50) 
n„ ^ n in L^{B), for any bounded set B and any q E [1, 6[, (51) 

we deduce that u G H^yi^^{R^) \ {0} and Gi{u{x)) for any 

Since 

Gi{s) = o„(s^ + for s ^ and s oo, 

and by concentration we have 



by standard compactness argument (see for instance the proof of Theorem 
A.I. in the Appendix in [|8J) we deduce that 



GiM ^ / G^iu) 
On the other hand, we also have that 

G2M = [ Giiun) ^ / 
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and then, by dSOjl 

[ G2(m) ^liminf /" G2M = /" G,{u)-1. 

that is /jj3 G'(n) ^ 1. We deduce that J^^ G{u) = 1, otherwise we set u 
u{K ■) e M with K = ^ /jg.3 G{u) > 1 and by (gU) we have, 

'Tig ^ J„{u) = — ^ / |Vnp + , / 



< Jq{u) ^ mg 
which is a contradiction. 

So /jj3 G'(m) = 1, and by dH]) Jg(M) = m^. □ 

Proof of Theorem 11.21 Let u & Mhe such that Jq{u) = mq and let A G M 
be the Lagrange multiplier. To show that A > 0, we can proceed as in ||8l 
pg 327]. Now define u and as in (|T8ll . We prove that (m, 0) satisfies the 



second equation of the system (|T9|) 



-A0 = -lA0^(-/yA) 



q'u\-/VX) = q'u\ 



We prove that (m, 0) satisfies the first equation of the system ([19 

-Am = -iAM(-/yA) 



A 



-q'(j)u + g{u) 



□ 



Proof of Theorem lO.il Let (m, 0) be a solution found by Theorem ll.2[ The 
symmetry properties derive from the natural constraint where we have 
studied the functional of the action and (|T5l) . 

Now, observe that u can be assumed nonnegative in the semispace xs > 
and nonpositive in the semispace X3 < 0. 

In fact, if n is a minimizer obtained as in Theorem 13.11 we can replace it 
with the function 

|n| on ]R^x]0, +oo[; 
-\u\ onM^x] - oo,0[. 
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Obviously v E Hlyi ^(M?) and since Jq and G are even, v is also a minimizer 

of Jq\M- 

Now we can apply the strong maximum principle in the second equation, 
and obtain that > 0, and in the first equation, obtaining that u can vanish 
only on the plane X3 = 0. The same considerations on the sign hold for 
(m, 0), and are true everywhere, since by a standard regularity argument, 
we can prove that u and (j) are in C;j"(M^), with a G (0, 1). 

□ 
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